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The background of research

# In recent years, there have been a lot of developments for solving
viscoelastic flows. In this report, we solve viscoelastic flows with
Phan-Thien-Tanner(P-T-T) model, which consists of the

momentum equation, mass equation and constitutive equation.
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The background of res

P-T-T model

V.-u=0, (2)

(1 + 1 i)\nptr(r)> T+ M(w-V)T—7Vu—-Vulr) = 2(1—np)D(u), (3)

where u and p denote the velocity and pressure fields, respectively, ¢ ,
A and 7, denote the constants. D(u) = 3(Vu + Vu”) denote the rate
of deformation tensor. The relationship between the extra stress tensor
T and viscoelastic stress tensor T can be defined as following

T = 2n,D(u) + . (4)
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# There are lots of work devoted to the numerical approximations

for the viscoelastic flows. For example, Least-squares finite

element method, Discntinuous Galerkin method and so on.

# In this report, we consider a numerical method for the P-T-T
model of viscoelastic flows by a combination of the interior penalty
(IP) method and the streamline upwind Petrov-Galerkin (SUPG)
method.
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The background of research

# Recently, the interior penalty(IP) method for convection-difffusion
problem was proposed by Douglas and Dupont. We extend Bonito
and Burman’s work in [1] to a finite element scheme of P-T-T
model and derive the error estimates for the numerical solution.

# We decouple the P-T-T model into two parts: the stokes-like
problem and the constitutive equation. We consider an IP method
for the stokes-like equations and adopt SUPG method to discretize

the constitutive equation.
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IP method for kes-like problem

Stokes-like problem

-V -T+Vp=f, in Q,

V-u=0, in Q, 5)
T =2n,D(u) + 7, in €,
u =0, on 0f2.

we introduce the bilinear forms

ah(Th, ’Uh) = (Th, D(Uh)) — <Th ‘n, Uh)aQ s (6)

bo(ph,vn) = —(Ph, V - vp) + (Ph, Vi - M) 5o (7)
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IP method for stokes-like problem

Stokes-like problem

and the interior penalty operators

Ji(up, vp) = 2n, Z h/ [Vuyg] - [Vup]ds + il up - vpds,  (8)
e oK h Joa
J2(ph, qn) Z [Vpil[Van]ds, (9)

Keeh o JOK

where «, 8, are positive constants.
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IP method for

kes-like problem

Stokes-like problem

The weak formulation of problem (5) reads as follows: find

(up, pn, Th) € X, such that

1
an(Th,vn) + b (Prs Vi) — bu(qn, un) — ap(on, up) + <277Th7 U'h>
P
+ j1(un, vp) + j2(nqn) = (fovn) + (T,00),

for all (vp, qn, o) € Xp.
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IP method for kes-like problem

Stokes-like problem

Introducing the variables My, = (up, pp, Th) and Ny = (vp, qn, 01), the
finite element formulation (10) can be written as A(Mp, Ny) =
an(Th,vn) + ba(phs v1) — br(gqn, un) — an(on, up) + (ﬁTh, U'h) :

and J(Mp, Ni) = ji(wp, vp) + j2(pn, qn), F(Nw) = (f,vn) + (7,001) .
That is, we find M}, € X}, such that

A(Mp, Np) + J(Mp, Np)

F(Nh), VN, € Xp, (11)
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IP method for stokes-like problem

Theorem 1

Theorem

Suppose that the mesh satisfies the quasiuniformity of the mesh and
that M be the solution of (5), then the solution Mj, by the interior

penalty method satisfies the error estimate

1| M = My < C [l 7= 74 || +o(h), (12)

where C' is a constant independent of h.
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SUPG method for constitutive equation

We define

B(u,v,7,w)=((u-V)r,w+ h(v-V)w) + %((V ‘Uu)T,w), (13)

for all (u,v,T,w) € Vj, X Vj, X Z}, X Zy,. Moreover, setting
u = v, T = w, we have

B(u,7,7)=h((u-V)1,(u-V)r)=h| (u- V)T |*. (14)
For w, = w + vhu - Vw, we obtain
B(Au,7,w) = ((Au- V)T, w + vh(u - V)w) + %((V Au)T,w).  (15)

Now we define the discrete approximation of (3) as, find 7 € Zj, such
that

A
<<1 + i p tI’(Th)> Th,wuh) + B(Aup, Th,w)

P
— )\((ThVuh + VUZTh),wuh) = 2(1 — np)(D(uh),wuh), Yw € Zp,.
(16)
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SUPG method for constitutive equation

Lemma 2

Let

L =max{[| w||s,[| p |l2, || T [l2,[| 7 [|2}
and

max{[| Ve |[o,00: || Th [lo,00} < M-

Utilizing the above hypotheses, the prior error estimate can be derived
as follow.

Lemma

Let 1, be a numerical solution of (3). Assuming that the exact solution
(u,p, T, T) is smooth enough. If C is a positive constant independent
of h, then the following inequality holds

|| 7—7h [||< Ch3/2+(2(1—np)+CAL+C)\Mh) || u—up |1 /(7/8—2AM—-C

for sufficiently small X >0 and p = 12]13.
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SUPG method for constitutive equation

Theorem 3

Theorem

Suppose that the exact solution (u,p,T,T) € X X Z is smooth enough,
then the finite element solution (wp,pp, Th,Tr) € Xp X Zy, by the
IP/SUPG method satisfies the following error bound, that is

Il (w = wp, p = pp, T = Th) [[| +[| 7 =70 [|[< Ch. (17) |
Proof.
Combining Theorem 1 with Lemma 2, we obtain the bound (17), which
completes the proof. O
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Numerical experiments

(2016 International Conf

Numerical experiments

In this part, numerical results of the creeping flow in a planar channel

are presented by the above decoupled algorithm.We choose the exact

solution (u, p, T)

1-— y4
u = ,
0
b= _:EQ’ (18)
322 ay’  —4day?
T =

e on SinA mixed finite element method for PL

2016.



Numerical experiments

Therefore, the right hand side terms of the momentum and constitutive
equations modified by substituting (18) into (5) and (3) are given by

o < 12y20— 27 > ’ (19)

and

3200 /9 + 1024eX\3y12/9  128)02(1 — £)y?/9
fst'ress = < Y / Y / ( )y / . (20)

128)\2(1 —¢)y¥/9 —32)y%/9
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Numerical experiments

The test domain with Dirichlet boundary conditions are shown in
Figure 1. u, represent the velocity in y-direction.

1 F-wall u=0
Fin rout
ezt w=0
=Tt
1
0 Fsy.s %=0 xT

Figure: The geometry and boundary conditions.




Numerical ex:

The effects of material parameter A on the error estimates of velocity,
pressure and stress are displayed in Table 1 and Table 2.

Table 1. The error estimates and the convergence orders k of u, p and

7 with A = 0.5 by IP/SUPG algorithm.

1/h Lz Error-u k L3 Error-p k Lo Error-1 k

16 4.51 x 1073 - 5.30 x 102 - 1.19 x 10~2 -
32 126 x 1073 1.84 2.06x 1072 136 3.95x10°3% 1.59
64 321 x107% 197 735x107° 149 1.17x1073% 1.76

Table 2. The error estimates and the convergence orders k of u, p and
7 with A = 2.1 by IP/SUPG algorithm.

1/h L3 Error-u k Ly Error-p k Lo Error-T k

16 4.82 x 1073 - 5.52 x 102 - 1.26 x 10—2 -
32 1.39x 1073 179 218 x 1072 134 442x1073% 151
64  3.71x107% 191 821x107% 141 1.39x107% 1.67
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Numerical experiments
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