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The problem of contrast structure is a singularly perturbed
problem whose solutions with both internal transition layers and
boundary layers . The significant feature of the solution is that it will
vary rapidly in the thin internal layer. The contrast structure has a
strong application background. For example, in the study of physics
, there are cases that their solutions vary rapidly in the interior of
domain. In recent years, the study of contrast structure is one of the
hot research topics in the study of singular perturbation theory[1-3].
More and more scholars begin to pay attention to the contrast
structure of variational problem.
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T
1
Ju] = f (a(y,t) + b(y, t)u + Eezuz)dt — min,
0 u

ey =u, 0O<e<xl,
y0,6) =y, ¥(T,e)=y", ueRr.

M.K. Ni ,G.M. Dmitriev. Contrast structures in a simple vector
variational problem and their asymptotic. Automation and Remote
Control, 1998, 5:41-52.
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The authors not only give the uniformly valid formal asymptotic
solution, but also prove that

minJ[y] = min Jy(yo) + Z/f min J;(y;) + - -,
y Yo =1 Yi

where Ji(y:) = Ji(i, Yi-1, -+ » o) » Y = arg(minJi(y)), k = 0,i — 1.
y
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T
J[u]:ff(y,u,t)dtamin,

0 u
ey =u, 0<e<l,

y0,€) =y°, wT,e)=y" ucRk.

Ni M.K, Vasil’eva, A.B. and Dmitriev M.G. On a steplike
contrast structure for a problem of the calculus of variations. Zh.
Vychisl. Mat. Mat. Fiz. 2004,44(7):1269-1278 (in Russian) .
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Consider the singularly perturbed optimal control problem

Jlul = [ f,u,1)de — min,
u% = a(t)y + b(t)u, (1.1)
YO0, =y, ¥(T,p)=y".

where p > 0 is a small parameter.
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Now, we state the main result in [4], which we will use in the
proofs of our main results. Vasil’eva A.B. consider the following
boundary value problem

d
u% =F(y,z,t, 1),
z _ 1.2)
- _G s at’ P} (
H (2,4, 1)

y(0,1) =)°, y(T,p) = y".

Suppose that the following assumptions hold
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By The reduced system

F()_)’Z’tao) = O’
G(3,7z,1,0) =0,

has two isolated roots (¢;(t), ¥1(¢)) and (¢, (1), Y1 (1)).

B, Inthe phase plane (3, 2), the points M, (¢, (), ¥, (t)) and
M, (p,(1), ¥,(7)) are stationary saddle points for the associated
system

Q = F(S]a2$i70)’

gg (1.3)
-\ = G(j}’ Z’ ;7 0)5

dr

where 7 is a parameter, and system (1.3) has a first integral
Q,(3,z,1) = Qi(ei(1), Yi(1), 1), which passes through M;,i = 1, 2.
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{

B; The equations Q;(3,Z,1) = Qi(¢i(t), ¥i(7), t) are solvable
with respect to Z:

Su,: 27 =VE 0@, 910, D,

Suy © 2 = VE, 00, v2(D), D).
B, The equation H(f) = ) — 2 has a solution 7 = #, € (0, T),
d
such that EH(IO) # 0.

Then boundary value problem (1.2) has a step-like contrast
structure solution satisfying the limiting relations

e1(0), t<to,
(1), 1> 1o.

Yi(2), 1<ty
l//z(t), t> 1.

lim y(z, u) = {
u—0

lim z(z, ) = {
u—0
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We will use the main result of [4] to prove our result. The
following assumptions are crucial.

A, Suppose that the function f(y, u, ) is sufficiently smooth on
thedomain D ={0<t<T,|yl|<A}, where A is positive constant.

A, Suppose that the function f,2(y, u, t) > 0 on the domain D .
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Formally setting u = 0 in (1.1), we obtain the reduced problem

T
Jmpiff@mnmﬁnm,a:—wmm@y
0 u

For our convenience, the above problem can be written in the
following equivalent form

T
JW:fF@Mhmm
0 y

where F(3,1) = £, —=b~' (H)a(t)y, 1).
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A; Suppose that there exist two isolated functions y = ¢,(¢),
y = ¢,(t) such that

F(pi(1),r) 0<t<t,
minFG/, t) — (‘Pl( )7 ) =L = IQs (1 4)
y F(g(0),1), to<t<T,

lim ¢ (¢) # 1im ¢, (7).

=1y =1
where F(3,1) = f(y, b~ ' ()a()y, 1).

A, Suppose that the transition point ¢, is determined by the

equation

F(pi(t), o) = F(pa(tp), to),
and satisfies the condition

d d
- Fpi(to), to) # EF(QDz(tO), f)-
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It should be noted that the assumptions above is given by the
optimal control problem. Next, we will prove that the assumption A,
is equivalent to the assumption B,, the assumption A; is equivalent
to the assumption By, the assumption A, is equivalent to the
assumption B; and Bj.
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From As, it is easy to obtain that

an = |10 = =~ (Ma®ei(n), 0 <t <t
e = -b Waea, 6n<1<T,

Fy(pi(1),1) =0, Fylei(0),0)>0, 0<1<1, (15
Fy(pa(1),0) =0, Fylga(0),0)>0, to<t<T. '
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Consider the Hamiltonian function

H(y,u, A,1) = f(y,u, 1) + " [a(®)y + b(t)u],

where A is Lagrange multiplier. The necessary optimality conditions
imply that

wy' = a(@)y + b(t)u,

X = —f,(u, 1) — A a(o),
ufu(y,u, 1) + A)b(1) = 0,
yO0,0) =), w(T,pw) =y".

From (1.6), we can obtain the following singularly perturbed
boundary value problem
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uy" = a(t)y + b(t)u,
uu' = g1y, u,t) + ugr(y, u, t), (1.7)
yO,1) =y, W(T,pw) =y",

where

g1 = bO)fL'f, — a2 o = 12\ (ald)y + b(Du),
g = b OV O fu = [ fue
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It is easy to see that the associated system for (1.7) can be
written as

d - - - -
== = b, - a2~ f3 o a@y + bw),

d i i
D _ 4@y + b,
dr

(1.8)

where 7 = (t - f)/u,t € [0, T] is a parameter.
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Lemma

Suppose that A, -A, hold. Then associated system (1.8) has two
equilibria M(¢:(7), a;(7)), i = 1,2, which are both saddle points.
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Lemma

For fixed t € [0, T, associated system (1.8) has a first integral

(a@y + b@Ou)fu(y, u, 1) = bOf (v, u, 1) = C, (1.9)

where C is a constant.
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Lemma

Suppose that A;-A, and u # —a(®)b~'(f)y hold. Then, for fixed
t € [0, T], the first integral (1.9) is solvable with respect to u.
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Let
H@ = u 20,9 — u™?(0,7) = h20(0), 7 ¢:1(D) — kY0, 7, 02(7)),
1 _ _ _
where y2(0) = y(0) = S(61(D) + 2(0) = BD.

Lemma

Suppose that A,-A4 hold. Then H(t,) = 0 if and only if

flp1(to), a1(to), to) = f(g2(to), @a(to), to).
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Lemma

d .
Suppose that A,-A, hold. Then EH(IO) # 0 if and only if

d d
Ef(‘ﬁl(to), ai(t), to) # Ef(sDz(to), (1), to).
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Lemma

Suppose that A|-A4 hold. Then there exists t = t, at which
associated system (1.8) has a heteroclinic orbit connecting saddle
points M(¢1(t), a1(to)) and M (g (to), aa(tp)).
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Theorem

Suppose that A;-A4 hold. Then for sufficiently small u > 0, the
optimal control problem (1.1) has an extremal trajectory y(t, 1) with
a step-like contrast structure

pi1(1), 0<1<1,
(1), thy<t<T.

lim y(z, 1) = {
©—0
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Currently, there are mainly two ways to construct the formal
asymptotic solution. The first way is through the boundary function
method [6]. Usually, this method is applied to necessary or
sufficient optimality conditions. The second alternative is through
direct scheme of boundary function method, which consists in a
direct expansion of the optimal control problem. we will apply the
direct scheme to the singularly perturbed optimal control problem.
As a result of the scheme, we get a minimizing control sequence,
each new control approximation decreases the performance index
of the given problem. It should be noted that the direct scheme not
only make it easy to obtain the relations for the high-order
approximations, but also show the nature of the optimal control
problem.
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{

Construction of asymptotic solution

By means of direct scheme method, an asymptotic solution of
problem (1.1) is sought in the form

Yt p1) = kﬁouk@k(z) + L(to) + 0Sy(m), 0<r<r,

oo (3.1)
u(t, ) = 3 pt(e) + Luu(ro) + 0 "u(m)),
W) = 3 HEGD + OFy(@) + Roy(ry), <t <T,
k20 (3.2)

) = 3 o) + Q5 u(x) + Ritry)),

whereto =tu™!, t=@-tu', T1=0¢-Tu".
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From the main results of [5], we have

min J[u] = minJ(uy) + Z,ui minJ;(u;) + -+ ,
u o i=1 “

where Ji(u;) = Ji(u;, @iy, -+ o) , iy = arg(minJy (), k = 0,i — 1.
U
Substituting (3.1), (3.2) into (1.1) and equating separately the
terms on ¢, 7y, T and 7, by the boundary function method, we can
obtain a series of variational problems to determine {y,(?), it;(¢)},

{Liy(to), Liu(to)}, {Qy(1), O u(0)}, {Riy(t1), Reu(r1)}, k = 0
respectively.
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The variational problem to determine the zero-order
coefficients of regular terms {yy(¢), ito(¢)} are given by

T
Jo(itg) = f f G, g, t) dt — min,
0 "o

a(t)yo + b(t)iy = 0.

From A;, we can get

- QO](t),OSt<t(),
QDZ(I) ’t() <t< Ta

__ fen(®) = —ab™ (i) 0 < £ < 1o,
" Naa® = —a@b ™ (O)pa(t) ;1 <t < T.

(East China oml nverity Hebi Normal Un
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{

_ The following variational problems to determine
() y(x), 0 u(z)} are given by

0(+00)
0y = f AGf(@1.2(10) + Oy, @1,2(t0) + Q. 10) dT — min,
—o0(0) 0y u

d * + —_
EQE;))} = a(to)(12(to) + OY) + blto) @1 2(to) + O w),

OP¥(0) = B(te) — pi2(ty), O y(Foo) = 0,
(3.3)
where

A?)f = flp12(to) + Q?))’» a5(fy) + ngr)u, t0) = f(@12(t0), a1 (), to).
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Making the substitutions

7 = @ia(to) + Oy(0), @™ = ai(ty) + Q) u(r),

The problem (3.3) can be rewritten as

(+00)
0y = APFEP @), 7P (@), t)dr — min |
—oo(0) @ F)
d}j@)

= a(tp)§™ + b(tp)a"™,
dr

F9(0) = Bto), 7 (Fo0) = p12(to).
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Next, we give the equations and their conditions for
determining {Loy(7y), Lou(to)} and {Ryy*(t1), Rou*(7y)} are as follows

LoJ = f Aof (01(0) + Loy, a1(0) + Lou, 0) dry — rerlin,
0 ou

d
77 Loy = a(0)(@1(0) + Loy) + b(0)(@1(0) + Lou),

Loy(0) = 0 — ¢1(0), Loy(co) =0,

where

Aof = f(@1(0) + Loy, a1(0) + Lou, 0) — F(¢1(0), a1(0), 0),

(East China Normal University Hebei Normal Un June 2016 32/60




and

0
RoJ = f Aof (p2(T) + Ry, ap(T) + Rou, T) d7vy — Igin,

[ee)

d
d—TIRoy = a(T)(¢2(T) + Roy) + b(T)(aa(T) + Rou),
Roy(0) = yT = ¢2(T), Rpy(—c0) = 0.

where Aof = f(p2(T) + Roy, ax(T) + Rou, T) — f(p2(T), ao(T), T).
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Then, we have so far constructed the leading terms
Fo(®), (M}, {Loy (7o), Lou" (o)},

1Oy (1), O u'(m)), {Roy"(r1), Rou'(11)}.

Additionally, we can obtain the minimum values of the
corresponding optimal control problems LoJ*, Q57J*, RoJ*:

T
Ww=ff%%ﬁ&
0

01 (0) A(¢) V*’ I\//l*, 0
szf 0 JOLD)
w a0)y* + b(0)i*

where

Y =¢1(0) + Loy (o), it = 1(0) + Lou™ (7o),
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_ . fﬂ(to) AE)?)f@G)*’ﬁ(x)*,to) )

poyam ——dy,
@1.2(t0) a(to)y®* + b(ty)a™®

! A(¢) A*, I’/\t*, T
RyJ* = f 0 SO 1) ds,
oy a(T)y* + b(T)ir*

@

where

V' =@(T) + Roy'(t1), & = ao(T) + Rou"(11).
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Theorem

Suppose that A=A, hold. Then for sufficiently small u > 0 there
exists a step-like contrast structure solution y(t, ) of the problem
(1.1), moreover, the following asymptotic expansion holds

1) = @1(t) + Loy(to) + OS)y(1) + O(w), 0 <t <1,
T @@+ Roy(e) + 0@ + 0, 1o <t <T.

Wei0) = (1) + Lou(to) + Q5 u(m) + O(), 0 <1 <1,
T @) + Rou(ry) + Q5P u(r) + O(u), 1o <t<T.

(East China oml nverily Hebi Normal Un
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It should be noted that the state variable and the control
variable functions discussed above are scalar. Next, we will
consider the high-dimensional nonlinear singularly perturbed
optimal control problem. We not only prove the existence of
step-like contrast structure for the singularly perturbed optimal
control problem, but also construct asymptotic solution to the
optimal controller and optimal trajectory.
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Consider the following singularly perturbed optimal control
problem

T
Ju] = f f(x,u,t)dt — min,
O u

d
ij = A(x, ) + B(D)u,
x(0,p) =0, x(T,p) =y,

&

where € > 0 is a small parameter, x(¢) : [0.T] — R" is the state
variable, u(r) : [0, T] — R" is the control variable.
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Assumption 1. Assume that the functions f(x, u, ), A(x, )
and B(t) are sufficiently smooth on the domain

D={(x,u,n) | x|<AueR0<t<T}

B(t) is a inverse matrix.
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Setting € = 0 in (3.5), we obtain the reduced problem

Jli) = [ 7, i dt — min,
0 = A, 1) + BO)@,

For convenience, problem can be written in the equivalent form

T
Jla] = f f(x, H)dt — min,
0 X

where f(%, 1) = f&, —B" (DA, 1), 1).
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Assumption 2  Assume that there exist two isolated functions
y = ¢1(t) and y = ¢, (¢) such that

oo | fe@,n, 0<t<i,
/0= {f(soz(r), D, fst<T,
where f(x, 1) = f(X, -B" (DA, 1), 1), lim ¢y () # lim @5 (0)..

From the assumption 2, we can otoatain that '
3() = Yi(t) = =B (DA (1), 1), 0<1<1,
Uo(t) = =BT (DA(2(1),1), tg<t<T,
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{

Let us introduce the Hamilton function
H,u,A,1) = f(y, u, ) + A (A(x, t) + B()u),

where A is Lagrange multiplier .
The auxiliary system of optimal control problem is

B
Ju] = —f (H(t) — H(f) dt = min,
sﬁ =A(x, 1) + B(i,
dr

Xa)=Xx, x(B)=1%

where r = &7 1(t-17), 0 <7< T,1,Xx, X are some fixed numbers.
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{

Writing separately the auxiliary problem of optimal control at
the instants of time t=0, t = t, and ¢ = T, then we can get the
following optimal control problems to determine asymptotic
expansion.

Problem LyP:

J[u] = —f ) (H(ty) — H(0) df — min,
~ 0 “

e A(%,0) + B(0)i, (3.7)
dT()
%(0) =x%,  x(+00) = ¢1(0),
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Problem Q,P:

(+00)
Jul = - f (H(t) — H(ty) dt — min,
dx
ng
X(£00) = @12(t),

(=)0
= A(-ia tO) + B(t())il,
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Problem R, P:

J[u] = f (H(try) — H(T)dt — mln

A A, T) + B(T)i, (3.9)
dT]
%(0) =x", x(=00) = ga(T),
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Assumption 3.  Assume that the matrix
H,., Hy,
HMJC’ HMM )

are positive definite, where H, is calculated at the point
(12(0), Y12(2)).
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Rewrite the boundary condition, we have
B = {(x,u, 1) | x(0, ) = x°, =0},

BY = {(x,u,0) | x(T, ) =x", t =T}.
Let S1 = ¢1(p1 (D), ¥1(2), 1) and Sy = ¢ (2 (1), Y2 (1), 1)
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Dynamical behavior of the optimal solution

Figure: Singular solution
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Singular solution of optimal control system (3.5) is a sequence
of solutions to the fast and slow reduced systems corresponding to
(3.5) with initial point in Bf; and final point in Bf. Let p, denote the
point of the singular solution on B%, p; denote the point of the
singular solution on Bg , pi and p; denote the point of the singular
solution on S;.
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In [7], Belokopytov S.V and Dmitriev M.G consider the
singularly perturbed optimal control problem

Jlu) = G&(T), (T) + [ F(x,y,u, 1) dr — min,

d
E); =f(x,y,u,t1),

dy
- = aa’t7
S 8(x, y,u, 1)

x(0) =x%, y(0) =y’

where € > 0 is a small parameter.
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Theorem 1 By use of the direct scheme, let us define n
control approximations i (t, &),k = 0, 1,-- - , n. Suppose that the
solution x(t, ), ¥ (¢, €) of (5.1) corresponding toii(z, €) has an
asymptotic representation with the boundary layer. Then for
sufficiently small ¢

JS(IZO) = Js(itO) = Js(ﬁk) = Js(ﬁk + 8k+luk+1) = Js(an)
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Similarly as the proof of the main result of [7], we can obtain
the following theorem.

Theorem

Suppose that the assumptions hold. Then for sufficiently small
u > 0 there exists a step-like contrast structure solution y(t, i) of the
problem (3.5), moreover, the following asymptotic expansion holds

(t.6) = @1(1) + Lox(to) + O x(1) + O(e), 0 <1< 1o,
e ©2(1) + Rox(ty) + QE;)X(T) +0(), to<t<T.

{al(t) + Lou(to) + Q5 u(t) + O(s), 0 <1< 1,
u(t, u) =

ax(t) + Rou(t)) + O u(r) + O(e), tg<t<T.
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{

Example

Consider the problem

x(1 1 1
Ju] = 02 (Zy4 - §y3 sint —y? + ysint + Euz)dt — muin,
Y i (6.1)

Har
yO0,) =0, yQ2m,p) =2.

Here

1 1 1
fO,u,t) = Zy“— §y3 sinf—y? + ysinz + 5“2'

For every ¢, we have

Sot) = -1, 0<t<m,
Yol = 1, mw<t<2m
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1 2 .
————sint, 0<L¢tr<m,
min F(5o, 1) =4 ¢
y

——+ —sint, w<t<2m.
4 3

The transition point #, =  is determined by the equation sin#, = 0.

In this example, the different orbit Sy, and Sy,,, which pass
through the saddle points M, (7) and M,(t) respectively, have the
form

ﬁ(l -y,

V2 .
—1 _y( )2), S, : ut) = y(+) + >

SM1 . I/t(_) = y(_) + >

The left and right zero-order terms of transition layer are
determined by the following problems

dQ(+)
S dr

(+) y+ Q(+) , (+)y(0) = +1, (+)y(+00) _
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Its solution are

oy = % vz O 2+2V2+2eV)eV
y = -, u = s
07 g 70 (1+eV?ry2
oy = 2 o, _ 22 VIr 2V _9)
7 L4V 7Y (1 + Vo) '
Similarly, we have
e~ V2o 2e= VI 4 272V210 _ 9 /2= V2T
Loyy= ———F—, Lou= ,
1 + e Vo (1 + e~ Vroy2
6e VI 246 Van
Ryy=————, Rou=— V2e :
3¢ V21 — | (3¢ V21 — 1)2
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Finally, the formal asymptotic solution is

D¢~ V2T 2eV2r

-1+
Yt ) = 1+g 1y Hg

1+ +0(), m<t<2n.
3e~ V2t — | 1+e\ff

O(IJ)a 0St<ﬂ',

1+ D¢~ V20 4 2 2V2r0 _ 2\/56“@”’
(1\F+ef27'0)2
2+2 +2e Ve V2T
( (\1/:-(3‘/;)2 * + 0,0 <t <m,
) =
u(t, ) 6e~ V211 — 2 4 6 \2e V2T
1+
\}36 Vinf— 1)2
2 T_2eVT 2
(\/_e(1+ 26)2 )+0(/J),7r<t327r.
e T

(East China oml nverity Hebi Normal Un June 2016
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Figure: Contrast structure
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