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Introduction

Slow-fast system has always been the hot issue of studies of
singularly perturbed problems, meanwhile, the
discontinuous/piecewise-continuous dynamical systems are
widely used as model of dynamics, electronics and biology.

The theory of contrast structures, which is an important
method of solving classic singularly perturbed problems with more
than one isolated root, has been found to be a good method for the
problems with piecewise-continuous term. Here we'll seek the
asymptotic solution of second-order slow-fast system with Dirichlet
boundary value conditions and with piecewise-continuous term by
using the method of boundary layer functions and the theory of
contrast structures.
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Introduction

Consider the following problem:

{N2y” = F(ya Z,t,,U), Z” e G(y;»%taﬂ)v 0 < t < 17 (1)

y(0) =9°, y(1)=y" =2(0)=2" =2(1) =2,

F(y Ztu): Fl(yaz7t7:u>7 O§t<t07
T FQ(yazyta”>7 t0<t§17

while g is a small parameter, ty is given in this problem and
satisfies 0 < tg < 1.

Fi, F,, G are both sufficiently smooth on the set

D ={(y,z, t,p)lly| <1, |z| <, t €][0,1]}, where [ is some
positive constant, and F}(y, z,t9,0) # Fy(y, z,t,0) for any (y, z).
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Assumptions

Condition (1)

The degenerate equation F(y, z,t,

y(t) = {

moreover, while t = ty, ¢1(z,to)
following two problems both exist:

z250 ()"
7(7)(0)
(5P (to) = g0, 7

G(9012(

901(Z7t)7
¢2(Z7t)7

0) = 0 has an isolated solution

0 <t <to,
to <t <1,

# @9(z,to), and the solutions of

Z(():F),t) =(F) t O)

( )—QO,

é“(l) = 21).
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Condition (2)

The following two problems:

@) = [C.(0) - G, () 2Dy @),

v 0P (k) =0, ¥y (to)(y™ (1) =0,

both have trivial solution.

A

Condition (3)
Fy(y,2,t,0)>0,0<t<1.
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Methods Involved

Main Thoughts:

e Seek asymptotic solution by the method of boundary layer
functions;

e Analyse the existence and exponential decay property of
zero-order boundary layer solution by phase plane method and
first integral method,;

e Describe the internal layer, which is caused by the
piecewise-continuous term, through the theory of contrast
structures;

e Seek the asymptotic expansion of internal layer in the case of
knowing its exact position.
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Analysis

Assume the value of solution at point ¢ = ¢, are:

(3)

y(to, ) = p(p) = po + pp1 + p?pa + . . .,
2(to, ) = q(p) = qo + par + 2q2 + ...,

regard the point ¢ =t as boundary, and separate problem (1) into
left and right problems, we'll discuss left problem as example, the
right one can be discussed similarly:

wry (e )”—F1<y<—> Oitn), 0<t <ty
Z(’)(t) Gy, 2t ),

(0, 1) =", y( )(to,u) p(),

0, ) =20 25 (to, ) = q().
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Analysis

Construct formal asymptotic solution of left problem:

Yy (t, 1) = 5 (¢, ) + Ly(m, 1) + QY (&1, ),
2t p) = 2 (t, ) + La(ry, ) + Q2 (&, ),

“+oo —+00

= 2w, 2O =3
n=0
“+o00

Tla Z:u Lny Tl LZ(Tlvlu) = ZunLnZ(Tl)a

n=0

Qy (&1, ) Zu”@ny (&), Q= (&, m Zu”@n

put these into Ieft problem, separate it in different scale, expand it
respect to u and correspond all terms by power of 1, we'll get
problem for every term in asymptotic solution.

Xutian Qi, Mingkang Ni Second-Order Slow-Fast System with Piecewise Continuou:



Introduction Method and Analysis Main Result Example

Analysis
The regular part:
for k=0:
0=F(5,27,4,0), 0<t<t,
5(—)@)// _ G(gj(()_), 5(—)7 £ 0)’ (6)
2700 =20, 27 (k) = qo.
for k>1
I = Fry (037 + P02 + Fi(t),
20 =Gy (05 ) + Gz + Gi(), (7)
_(-)

L0) = —Lyz(0),  z27(t) = qu — Qe 0).
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Analysis

The right boundary layer part (which is the left part of internal
layer, it's similar to the other boundary layers):

for k=0:
( d2 (*) _
% = Fu(@s  (to) + Qoy ™. g0, 10, 0),
i
dZQOZ(i)
Tag Y

Qoy(0) = 4° — g57(0),  Qoy ) (+o0) =0,
\Qoz(*)(()) =0, Qo7 (+00) =0,
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Analysis

Qo2 (&) =0, so we have the new form:

42 (=) -
Qoy = Fl (?j(() )(tO) + Qoy(_)u 40, tO? 0) (9)

de?
Qoy(0) = po — 35 (to),  Qoy ) (—00) =0,

4 then problem (9) can

set §(&) = ﬂé_)(to) + Qoy (&), 1y = e
be: . o
U1 - y o
Y F ) 7t 70 9 - — 5
d€1 1<y do, to ) ((i§)1 U1 (10)
§(0) = po, H(—00) =7y ' (to)-
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Analysis

For k >1 (Q—ly(_) = 0, Q_lz(_) = 0)

(20,4
% (€)@ + Fu(€)QexC) + QuF) (),
20 L(0) )
% = Gy(él)@k—zy(_) + GL(6)Qr—227) + QLG(&),

1
Quy(0) = pr — 7y (o), Quy)(—00) =0,
(Qez(0) = gx — 2 (t0),  Quz()(—00) =0,

(11)
where f(&1) = (557 (to) + Qoy (&1, go, to, 0),
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Analysis

the solution has the following form:

&1 no_ ~
Q) = [ [ 160+ G0ia) + G asan,

e () B1(6)
Qry (&) = (pk — 7, ' (t0)) 7 (0)
&1 n
L) / ar(n) / () (Fra(5)Qu=)(5) + QuF ) (s))dsdr

where & < 0.
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Analysis

Below, there are some mainly results we need for proof:
The right part of internal layer has the form( & > 0):

&1 no_ -
ka(JF) (51) — / / [Gka_zy(ﬂ + Gsz—ZZ(Jr) + QkG(Jr)}dena
+oo J 400

e )y H2(6)
&1 n
L@ / a5%(n) / i12(5) (P (8)Qu=)(5) + QuF ™) (s))dsd

where f(&1) = f(55" (to) + Qoy™ (&), o 10.0),
9E) = 757 (t) + Quy (&), @ = d—gl.
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Analysis

Determination and proof of internal layer:

H() = V2 [

757 (to)

FQ(y7 qo, th O>dy] )

Po

1
Fl (y7 qo, t07 O)d'y]5

|
[\
u:u\»
TS
T o
e~
2
[

d Hi(po) = F1(po, qo, to,0) — Fa(po, qo, to, 0) 0
—H(po) = .
de \/f;:()(l)(to) Fl(p07 q0, tO? O)dy
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Analysis

Set
Hy(q0) = (35 ) (to, q0) — (25" (to. o),
and ¢o can be determined by equation H(qy) =0.

Condition (4)

The solution of Ha(qo) = 0 exists and qo € (257 (o), 257 (o)),
moreover,
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Analysis

() + 32 Q) = 7 () + 3 Q). (1)
2000 + 32 Q20 = 570 + Q=P 0). ()

e = [F1(po, o, to,0) — F2(po;QO,to,0)]_1[F1(p0,CI(J,to’O)ﬂ/(g_)(to)
0 0

—Fz(PO,CJo,th())@;E;H(to)—/_ al(s)f()(s)ds+/ dn(s) £ (s)

+oo
— iy (0)g7) (to) — a1 (0)757) (t)'].
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Analysis

lot A — dQk112(0)  dQry1217(0)
dé; dé;
constant.

Rewrite the equation in last page:

, it is obvious that A is a

5 (o) = 57 (1) = 4,
after some simplifications and proofs, we can obtain:

d _ d _ _
2 (o) — — 257 (to)] 1 A

qk = | —
[dQO dqo
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Main Result

The asymptotic solution of problem we talked exists while all the
conditions above are met, and the solution has the following
expression:
n+41
v = 3 6@ 0 + Lry(r) + Qe T (€)) + 0™, 0 <t <to,
y(t, p) = A 1
vy (tm) = 3 W @D @) + Rey(r2) + Quy P (€)) + o™, o <<,
k=0
n+1
X () = 30 wFET O + Liz(r) + Qe T (€)) + 0w, 0<t <o,
o(t, 1) = =
2P0 = 30 wFED 0 + Rez(r2) + Qe €1) + 0™, o<t <1
k=0
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Example

Consider the following problem:

py" =F(y,z,t,p), 2"=y+z 0<t<
y(0) =1, y(1)=2, 2(0)=0, =2(1)=

where

F(y7 27 t’ ILL)
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Example
Step 1:
p1(2) = —2—2,p2(2) =2 -2
Step 2:
(- _(— (-, 1
5M)'=-2 % 0=0 %G =w 12
1
00 =2 G =w x7M=1 (13
solve problems (12)-(13), one can obtain:
_ 1
270 = -2+ (2q0 + St
1 1
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Example

1
moreover, ¢y = 3 hence

3
27 =1+t
12 1
(+) 2
B =t>—t+-=
ZO () ) +27
therefore,
_ 3
g (1) = —St+2,
21 3
—(+) 2
)= —t>+ t+ >
Yo () +2 +2
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Example

Step 3:

d’L
5 = Loy, Loy(0) =1, Loy(+sc) =0,  (14)
1

d’R,
%W — Ry, Roy(0)=1, Roy(—oc0)=0,  (15)

T2

solve problems (14)-(15) we have Loy(m) =e ™, Roy(m2) =€
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Example
Step 4:
d*Qoy") . _ 5 .
— T — =Quw", Q' (0)=po+5, Quy(—o0)=0,
déy 2
(16)
d?Qoy ™) 3
%%32/ =Qoy™",  Quy™(0) = py — 2 Qoy"™ (+00) =0,
1
(17)

from problems (16)-(17) we can know

Qoy' (&) = (po + 2)6&7 Qoy™(€1) = (po — ;)6&'
1

By virtue of condition of smoothness py = ~3

Therefore Qoy' ™ (¢1) = 2¢, Qoy™ (&) = =27,
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Example

Step 5: The solution of example has the following form:

3 L =%
t2—§t—2+€_i+26 u2—i—O(,u), 0<
y(t, p) = 13 . 1o 1
2 —— JA—
—t+§t+§+eu —2e¢ 7 4+ O(u), 5
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