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Introduction

@ Discontinuous dynamical system is one of the basic
instruments to understand better the role of discontinuous

in the real world.

e Extending non-continuous theory to singularly perturbed
system is a contemporary problem. The nearly
achievement in this field can be found in Mingkang Ni &
Nefedov N 2015.



Introduction

Consider the following problem

"

eu = A(u,z)u' + f(u,z), 0<z<l,

w(0,e) =u, w(l,e) =ul, (1.1)

where ¢ is a small positive parameter, u is scalar-valued state
variable.



Introduction

Moreover, A and f are both discontinuous.
A (u,z), 0<z < 20,

AP (u,z), zo <z <1,

f(_)(u,x), 0 <z <z,
f(+)(u7$)) o < T S 17

f(uvx) =

where zq is a given number such that 0 < zg < 1.



Introduction

This question under the continuous assumption has proved that
its solution belongs to a C? function family.

Definition

A function
u(z,e) € CH0,1] N (C%(0,z0) U C%(xo, 1)),

satisfies problem (1.1) is the solution of this problem.




Assumptions

Condition 1

AC) ) e ¢=°(Dy,R), A, f(H) € (D3, R), and the
following inequality holds

A(*)(u,xo) #* A (u, o), u€ I,

f(_) (U, xO) 7é f(+) (U, 170)7 u € Iu

Condition 2

A and A satisfy the inequalities

{A()(u,x) >0, 0<z<ux, 2.1)

A (u,2) <0, o<z <1




Assumptions

In order to construct a multi-scale uniformly valid asymptotic
solution, let us consider the degenerate and associated systems.
The degenerate equation of this problem on the interval [0, z]

A(_) (u(_)’ x)ul(_) _|_ f(_) (u(_)7l‘) — O’ 0 < x S "[;0’

(2.2)
u()(0,e) = ul.
Similarly the degenerate equation on the interval [z, 1]
AD (W) 2 ) 4 O (W) ) =0, o<z <1, (2.3)

u)(1,e) = ul.



Assumptions

For the degenerate equations, we make the assumption:

Condition 3

The degenerate equations (2.2) and (2.3) have only one
solution ¢1(x) € C%(0,z0) and pa(x) € C?(x0,1).

To be definite, we assume that ¢1(z9) < pa2(xo).



Assumptions

To find the leading term of the inner transition layer, we
introduce the auxiliary variable z = du/dz and suppose that
2(F) (g, €) = 5_1z(j) + z[()jF) + szf) + -+, where sz) will be
determined later. Then we get the associated system
@:A@F)(a 10)3, —- =2 £(eRF
d » L0) 2, ) )

a(0) = p, (Foo) = wi(xo), (2.4)
z(0) = Z(_jFl), Z(Fo0) =0,

where i = 1,2, £ = (z — z¢) /e and p € (p1(x0), p2(x0)).



Assumptions

By Condition 2 and Condition 3, we have that in the phase
plane (@, Z) there exists a separatrix of the form

Q) .z = / A (s, 20)ds,
ei(zo)
which enters the equilibrium point (¢;(z0),0) as
& — Foo(i =1,2).

Condition 4

In the phase plane (4, 2), the vertical i = p intersects the
separatrics QF) for any p € (p1(x0), p2(20)).




Construction of Asymptotic Solution

To construct the asymptotic solution of problem (1.1), we
consider two boundary value problems:

e (F = AP (u@)’x)u’@) + P (), z),

. (3.1)
u)(i,e) = ul, ul)(xg,€) = ple), i=0,1,
The function p(e) will be determined later and it has an
asymptotic expansion of the form
ple) =po+epr+- - +ep+--, (3.2)

where p; will be determined later.



Construction of Asymptotic Solution

Making the changes of variable z(¥) = du(¥) /dz, and a formal
solution of problem (3.1)

WP (z,e) = 0P (z,6) + QPu(é, e), (3.3)
X (@,6) = 29 (2,6) + QF)2(¢, 0), (3.4)
where
a1 (,e) = a\P (2) + cal (2) + 20l () + -+

) (2,6) = 27 (2) + e2 7 (@) + 22F () + - -+,
QP u(€, &) = Q5P u(€) + QP u(€) + 2QTu(e) + -,
QP z(6,6) = e1QF 2(6) + QT 2(€) + QP x(€) + -+,

§=(z—xz0)/c.



Construction of Asymptotic Solution

In the standard manner, firstly substituting (3.3) and (3.4) into
problem (3.1), then separating the variables according to the
scale of z and &, finally equating the coefficients of same power
of €.



Construction of Asymptotic Solution

Regular part

For k£ = 0:
A (P dig’) 7P ) — 0
(“0 ,:E) da: +f( 0 7‘7;)_ ) (35)
u(jF)(i):ui, i=0,1.
For k£ > 1:
(F) () AU
AF (ug? 2)5, 7 (2) = I + F (),
dal® (3.6)
=A@,
a7 (0) =0



Construction of Asymptotic Solution

Internal layer
For (Q(()qt)u(f), Q(_jFl)z(ﬁ)), we obtain the following problem

dQ'F)»
d£1 — AD (pi(x0) + Q5T u, 20)QF) 2,
dQéﬁ“ (F)
df = Q_l 27 (37)

QT z(Fo0) =0, QS u(Fo0) =0,
QT 20) =25, QP u(0) = po — @i(o).

by virtue of Condition 4 it has a solution Q((f)u(g).



Construction of Asymptotic Solution

For (Q,(f)u(f), fi)lz(f)) with & > 1, we obtain

d
Q§£ L = 490z + AP QW0 u + G ©)
d
ng Qk 12
Q,(i)lz(q:oo) =0, ka u(IFoo) 0,
QP 2(0) = 247, — 25 (20), QP u(0) = pi — g (o).

(3.8)
Q;(;F)U(f) —e (f,ax(jF)(S)dS(/5 /s Gl(:i)l(q)dqef I A(I)(q)dqu)
0 JFoo

+ el A 8 (py, — g (20)).-

(3.9)



Construction of Asymptotic Solution

To find pg, we use the matching condition for the derivatives

at the point x = xg
ul(_) (an 6) = u,(+) (.’I)0, 5)7

taking into account the fact that ' = z, we obtain the following

equivalent condition

2 (zg,e) = 2 (g, ). (3.10)



Construction of Asymptotic Solution

First we find py. In the approximation in e~!, the matching

condition is written as
Q)2(0) = Q1Y2(0).
To solve this equation, let
P P
H(p) = / A (s, 20)ds — / A (s, 20)ds.  (3.11)
w1(o) w2(o)

We have verified that H(p) has a unique root
po € (p1(z0), p2(z0))-



Construction of Asymptotic Solution

In the sequel, we find p; with £ > 1. Now the condition is

written as

zh (@) + @ h2(0) = 25 (@0) + Q120 (3.12)
We obtain

P =(A o, 70) = A (po,20) 2 (w0) = 2, (a0)
+ A o, 20)w ) (w0) = AP (o, 20) i (w0) (343
0
+ Gk18$0 / lesmods]
+o0

Thus, we construct the coefficient functions of u ( ), Q (f )

for any k.



Main results

Theorem

Assume that Conditions 1-4 hold. Then for sufficiently small
e > 0 there exist a smooth solution u(z, ) of boundary-value
problem (1.1), and this solution can be asymptotically

represented as

S ekfag) (@) + QL u@)] + 0™, 0 <a <,
u(z,e) =
S eFag (@) + QP u(©)) + 0(e"?), zo <z <1,




We consider the boundary-value problem

1
(1—z)u +6zx(l—2), 0<z<=,
(x —2)u' + 2z(z — 2), §<$<17

The corresponding degenerate equations have the root
1
o1(z) = =322 for € [0, 5] and the root po(z) = 22 for

x € [1,1].

It is easy to verify that all conditions of the Theorem are
fulfilled, where pg is defined by the equation
P P

1 3
H(p) = / —ds + —ds, and py = 0.
~3/4 2 1/4 2



Thus, Theorem implies that problem (4.1) and (4.2) has a
solution u = u(x,e) satisfying the condition

— 32 + §6’%§ + 0(5)7 T € [0, 1/2]7
o . (4.3)

x? — ie_%g +0(e), =ze€(1/2,1].



Figure: Asymptotic solution of problem (4.1) and (4.2) with
e = 0.01(dotted) and e = 0.001(solid).



Thank you!
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